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O ' Up to overall harmonic factors, the D8-brane solution of the massive type 

o\ : 

, IIA supergravity theory is the product of nine-dimensional Minkowski space 

(the worldvolume) with the real line (the transverse space). We show that the 
Oh! equations of motion allow for the worldvolume metric to be generalised to an arbi- 

■ trary Ricci-flat one. If this nine-dimensional Ricci-flat manifold admits Killing 

, spinors, then the resulting solutions are supersymmetric and satisfy the usual 

' Bogomol'nyi bound, although they preserve fewer than the usual one half of the 

supersymmetries. We describe the possible choices of such manifolds, elaborating 
on the connection between the existence of Killing spinors and the self-duality 
condition on the curvature two-form. Since the D8-brane is a domain wall in 
ten dimensions, we are led to consider the general case: domain walls in any 
supergravity theory. Similar considerations hold here also. Moreover, it is shown 
that the worldvolume of any magnetic brane — of which the domain walls are 
a specific example — can be generalised in precisely the same way. The general 
class of supersymmetric solutions have gravitational instantons as their spatial 
sections. Some mention is made of the worldvolume solitons of such branes. 
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1 Introduction 



The discovery of branes in string theory has brought about some revolutionary advances in 
recent years. From what was initially a purely perturbative theory, it has been possible to 
extract non-perturbative results which have led to new and deep insights into the nature of 
string theory. Perhaps the most far-reaching of these has been the discovery of string the- 
ory's eleven-dimensional origin, 'M-Theory', with its low-energy limit of eleven-dimensional 
super gravity. 

Ignoring for the time being the D8-brane, the ten-dimensional type IIA and IIB super- 
gravity theories have solutions which describe the various p-branes of type IIA and IIB string 
theory. The field content of the supergravity theories is precisely what is needed to imply 
the existence of such branes: the relevant [p + l)-form potentials are all present The 
fundamental string and its magnetic dual, the 5-brane, couple to the Neveu-Schwarz-Neveu- 
Schwarz (NS-NS) potentials; these being present in both the type IIA and IIB theories. In 
addition to these are the Dp-branes, which couple to the Ramond-Ramond (R-R) {p + 1)- 
form potentials: the type IIA theory has p even, and type IIB has p odd. For p < 3, the 
branes couple to an electric field strength — these are the fundamental, or electric, branes. 
In D dimensions, Hodge duality allows for a (p + 2)-form field strength to be interchanged 
with a. {D — [p + 2))-form field strength, so the branes with p > 3 couple to the dual, mag- 
netic field strength. These are the solitonic, or magnetic, branes. (The D3-brane is a special 
case, being self-dual in ten dimensions.) All such branes preserve one-half of the space- 
time supersymmetries. Moreover, they all have a clear and well-defined eleven-dimensional 
origin. 

The only aspect of this unified picture which is somewhat unclear is that of the D8- 
brane of type IIA string theory. This is a domain wall in ten dimensions, which should 
couple to a ten-form field strength or, by Hodge duality, a scalar. As first pointed out by 
Polchinski , the once relatively obscure generalisation of the type IIA supergravity theory 
found by Romans — the massive IIA theory — has the necessary field content . Since 
type IIA string theory necessarily includes a D8-brane, it would seem that it is the Romans 
theory which is the natural low-energy limit of type IIA string theory. 

The Romans theory has some unusual properties: ten-dimensional Minkowski space is 
not a solution. Indeed, none of the Kaluza-Klein compactifications of the theory originally 
considered by Romans @] are supersymmetric. This is in contrast to the D8-brane solution |^ 



1 



Q which preserves the usual one half of the ten-dimensional supersymmetries. Moreover, 
the eleven-dimensional origin of the Romans theory is quite mysterious (although see 0). If 
the theory is to find a place within M-Theory, then presumably the D8-brane would be the 
dimensional reduction of an M9-brane |^. It is unclear, however, how this works in detail. 

Although we do not consider it here, mention should be made of an alternative ten- 
dimensional massive supergravity theory, that of Howe, Lambert and West [§]. Unlike the 
Romans theory, this does have a well-defined eleven-dimensional origin P, P], but its con- 
nection with string theory is unclear: the NS-NS two-form which couples to the fundamental 
strings can be gauged away, so it would seem that this theory does not contain such strings 
at all. 

All the p-brane solutions of the various supergravity theories, including the D8-brane, 
have a common form: in the Einstein frame the line element is 

ds=H ^^D-2)(ix- dx + H^^i^--^)dy_- dy_, (1) 

where {x*} and are the worldvolume and transverse coordinates respectively. The 

function H{r) is harmonic on the transverse space, r being the radial coordinate in these 
directions, d = p + 1, d = D — d — 2 denotes the number of dimensions of the dual brane 
and, for D-branes and M-branes, we have A = 4. 

Now we can ask the question whether it is possible to generalise the metrics on the 
worldvolume and transverse space in these solutions. That is, whether the field equations, 
and the supersymmetry conditions, admit general metrics instead of the flat ones appearing 
above. Indeed, there has been some work to show that the transverse space of the electric 
branes can be generalised, as long as the metric is Ricci-fiat |T^, [TT], The resulting 
solution will be supersymmetric if and only if the transverse space admits Killing spinors. 

In the following section of this paper, we show that the worldvolume, as opposed to the 
transverse space, of the D8-brane solution can be generalised in just such a manner. That 
is, the solution (|l|) with p = 8 and D = 10 can be generalised so as to include a non-trivial 
Ricci-flat worldvolume metric. As long as this metric admits Killing spinors, the solution is 
supersymmetric, and satisfies the usual Bogomol'nyi bound, as we will show in subsection 
2.2. We hope that such considerations will shed some light on the eleven-dimensional origin 
of the D8-brane. There are numerous examples in the literature of possible supersymmetric 
manifolds which could be taken as the worldvolume of the D8-brane; and we discuss some 
of these in subsections 2.3 and 2.4. This involves a consideration of holonomy groups. 
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The spatial sections of the D8-brane can take the form of eight-dimensional gravitational 
instantons — manifolds with self-dual curvature — of holonomy Spin(7). Section three is 
concerned with the dimensional reduction of the D8-brane, a 7-brane domain wall in nine 
dimensions. Here we show that the manifolds of G2 holonomy described in the literature are 
also self-dual; and that these can be taken as possible spatial sections of this 7-brane. 

Since the D8-brane is a domain wall, we are led to consider whether the same sort of 
generalisations can be made for domain walls in any supergravity theory. We show, in section 
four, that this is indeed the case. In particular, it is possible for the 3-brane domain walls 
of Horava-Witten theory to have general Ricci-flat worldvolumes. In section five we extend 
the analysis to arbitrary magnetic branes, of which the domain wall is but a special case. 
The general statement is, then, that all magnetic branes can have Ricci-flat worldvolumes. 
We concentrate on the M5-brane here. Finally, some mention is made of the worldvolume 
solitons of such magnetic branes; those of the D4-brane in particular. 

The conventions we use are as follows. The signature of the metric is (— , +,...,+), the 
sign of the Riemann curvature tensor is defined by RabcdX'^ = [Da, Db]Xc, and the gamma 
matrices satisfy {F", F''} = 2g"''^. As to indices, we take a, 6 = 0, ... , D—1 to denote spacetime 
directions, i, j = 0, . . . ,p to denote worldvolume directions, and a, P = p + 1, . . . , D — 1 to 
denote transverse directions. We are mainly concerned with the case D = 10 and p = 8. 
Where necessary, we use underlined indices to denote an (pseudo-)ortho normal basis and 
we work exclusively in the Einstein frame. In the following section, we use the notation of 
forms as in 0]. That is, a g-form Q has components Qai...aq given by 

and |Qp = Qa,...a,Q"^-"«. 

2 The Romans Theory 

The ten-dimensional type IIA supergravity theory contains the metric, the dilaton (p and a 
two-form B in the NS-NS sector, and a one-form potential A and a three-form potential 
C in the R-R sector. The massive type IIA theory found by Romans is constructed by 
allowing the two-form to 'eat' the one-form, thereby generating a massive two-form via a 
generalised Higgs mechanism. With the field strengths given by 

F = AdC + Qm{B)^, 
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H = 3dB, 



the Lagrangian for the bosonic sector as given in H is 



Y 2 3 12 



+ -e(dCdCB + mdC{Bf + —m^{Bf], (2) 
9 y 20 J 

where m is the mass of the two-form B. The potential, or 'cosmo logical term', is of Liouville 
type, given by 

V{<P) = im^et-^. (3) 

In ten dimensions, we can consider a ten-form field strength which, by the equations 
of motion, must have a constant zero-form Hodge dual. This constant is just the mass 
parameter, ^-F[io] ~ m, and the Romans theory can be rewritten to include explicitly the 
required nine-form potential [Q. This is an R-R potential, as required to couple to the 
D8-brane 0, which can be seen by transforming to the string frame, g'^^^^ = e^'^g^^\ The 
potential is then just a constant 

V = (4) 

the absence of a dilaton factor indicating the R-R nature of the field. 

The D8-brane provides a natural, and non-trivial, background in Type IIA string the- 
ory. Indeed, the Romans theory has 'massive' fundamental string solutions, coupling to the 



massive B field, in just such a background |T3|: a solution which describes the intersection 



of a fundamental string with a D8-brane over a DO-brane. This solution reduces to the usual 
string solution of the type IIA theory if the mass parameter m = 0. 

2.1 Ricci-Flat D8-branes 

Since we are considering D8-branes alone, we turn off all gauge fields. The equations of 
motion following from the Lagrangian are then 

Rab = ]:da(j)di,(j) + ^m^e^'^gab, (5a) 
= ^m^ei'^, (5b) 

where Da is the covariant derivative with respect to the metric gab- Note that due to the 
Liouville form of the potential, the dilaton equation (Q)) implies that cannot be a constant. 



A manifestly conformally flat D8-brane solution was first discussed in |]5[. A more con- 
venient, but equivalent, one was given in [Q; in the Einstein frame, it is 

ds^ = H^dx-dx + H^dy'^. 



(6) 



where {x*} are the worldvolume coordinates. H{y) is harmonic on the single transverse 
direction y. The precise form of this function has implications for the singularity structure 
of the metric as discussed in WM. With 

H{y) = l + m\y -yo\, (7) 

the spacetime is free of curvature singularities which would otherwise be present if we dropped 
the constant. There is still a delta-function singularity at y = yo however, although this 
can be removed, as usual, by adding a source term. The solution then describes a D8-brane 
situated a.t y = yo. Note that the mass parameter m can be positive or negative here. 
Performing the coordinate transformation 

df = Hldy\ 

we have 

2_ 

ds^ = [1 + ^m\y\) dx ■ dx + dy"^ . 

= [1 + ^m\y\)~K 
Consider a generalisation of this solution, taking 

ds^ = F\j{x)dx'dx^ + dy^, (9) 

as our ansatz for the metric. We also take F = F{y) and = (f){y). The zehnbeins are 
= dy and e- = Fe-{x), where e- is the neunbein for the metric 7jj. The components of the 
Ricci tensor are 

F" 

U = — Q 

^yy ^ p 1 

Rij = Rij - [FF" + 8F'2) , 

where Rij is the Ricci tensor constructed from the metric and a prime denotes a derivative 
with respect to y. The non-trivial components of (|^a,b) are then 

F" 1 

-18— = 0'2+ m^et'^, (10a) 
F 8 

% = l^,(FF" + 8F" + ^F'm'elfy (10b) 

(j)" + 9^(l)' = -m^^t (10c) 
F 4 



The equations (p!0|a,c) are solved by 

F{y) = (l + f|m||/-|/o|)*, 
e't> = F{y)-^\ 

in which case, the final equation (|lO]b) becomes 



Rij — 0. 



(11) 



(12) 



Thus, for any Ricci-fiat metric jijix) 



(13) 



F'^%j{x)dx''dx^ + dy^, 

p-20 

(l + f|m|y-yo|)*, J 

is a solution of the Romans theory. The interpretation is obvious: it describes a D8-brane 
with Ricci-fiat worldvolume. The fiat case (H) is then a special case of this more general 
family of solutions. It should be noted, however, that the isometry group may no longer 
be the nine-dimensional Poincare group. Since the overall harmonic function is unchanged, 
this generalisation has not altered the singularity structure of the D8-brane, as long as the 
metric 7jj does not have any singularities itself. As an example of a solution which does alter 
the singularity structure, the worldvolume of the D8-brane could take the form of a nine- 
dimensional Schwarzschild black hole, although this solution will not be supersymmetric. 

2.2 Supersymmetric D8-Branes and the Bogomol'nyi Bound 

Ricci-fiatness of is a necessary condition for the solutions ([T3|) to be supersymmetric. To 
see this, consider the supersymmetry transformations of the spacetime fermionic fields 



Ha 

SX 



9„ 



5 

-me^^ I e, 
4 



(14a) 
(14b) 



2^2 V 

where e is an arbitrary 32-component Majorana spinor. Setting the dilatino variation ([1 
to zero gives 

(l TTy)e = 0, (15) 

so e must have a definite chirality, in the sense that TyE = ±e. This removes one half of the 
components of e. The sign here is set by the sign of {y — yo), so the chirality of e changes as 
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we pass through the location of the brane 0] . The vanishing of the gravitino variation (|n|a) 
imphes 

e = ^mF-25r,e, (16a) 
Ae = 0, (16b) 

where Di is the covariant derivative with respect to the metric 7jj. A solution of ([l6| a) is 

e = F{yf/^{x), (17) 

where e{x) is an 5*0(8, 1) 'worldvolume spinor' which does not depend on y. 



The integrability condition of the remaining equation (p!6|b) is, as usual, 

[A,,A]e = 4,Mf'='e = 0, (18) 

where = Fr satisfy {f*,P} = By contracting (0) with P, we find 

Rij = 0, (19) 

a necessary condition for the solutions ( [T3| ) to be supersymmetric. 

This can also be seen by a consideration of the integrability condition of the equation 
6ipa = T^a^ = 0. This is 

[Va, V,] e = (^Rabcd + ^m^e-^'^gacgb^j T^'^e + ^me^'^ {Tad,<P - 1^9,0) e = 0. (20) 

The {ViV} component of (^) is trivial. The {y-,i} component is just the chirality condition 
(0); and the component gives 

as in (|T^). 

Either way, Ricci-flatness is a necessary condition for the D8-brane (|13D to be supersym- 
metric. It is not, however, a sufficient condition since we must ensure (0), as opposed to 
(p!9|), is satisfied. In other words, we must be able to construct a solution of 

Ae = 0, (21) 

a Killing spinor with respect to the metric '-fij. The trivial solution is, of course, to set 
lij — Viji ill which case e(x) = eo is just a constant sixteen-component Majorana spinor. This 
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flat case is the maximally supersymmetric solution, breaking one half of the ten-dimensional 
supersymmetries due to the chirality requirement (p!5|). Other, more general choices of jij 
will, however, break a greater fraction. If (^) admits N solutions, then N/32 of the ten- 
dimensional supersymmetries are preserved. 

It is of interest to note that all such supersymmetric solutions saturate the usual Bo- 
gomol'nyi bound on the mass and charge densities of the brane. To see this, consider the 
supercharges per unit eight-volume 



(22) 



9S 



where S is a nine-dimensional space-like surface, the integral over which reduces to one over 
the one-dimensional space transverse to the brane. The variation of Qe is 



SeiQe2 = [Qei,Qe 



(23) 



9S 



where A^-- = eiT---52i>c is the Nester form |]T3|. With (|T^), we have 



(24) 



The surface integral (|2^) is evaluated on both sides of the domain wall, i.e. as y ^ . In 



this limit, we have F{y) 



1, et^ 



1, and e i(x). Then 



y=y6 



y=yo 



(25) 



and with Z)je2 = 0, this becomes 



<^2 



£2 



y=yo 



y=yo 



(26) 



where the relative signs are set by the sign of {y — yo). As long as we can construct Killing 
spinors on the worldvolume, we thus have D8-branes with both the mass per unit volume, 
M, and the charge per unit volume, Z, proportional to m. Indeed, if we take ei = 62 = e, 
then (|26| ) becomes ^1 =F Ty^ e which vanishes due to the chirality requirement (|15D . For an 
arbitrary configuration, it can be shown that there is a Bogomol'nyi-type bound M > Z [|16|; 
and our Ricci-flat solutions saturate this bound. Since all of these latter are thus BPS states, 
it is not the case that the flat solution is energetically favoured over the general Ricci-fiat 
one. 



8 



2.3 Supersymmetric Manifolds, Holonomy Groups and All That 

If by the D8-brane worldvolume, we mean the nine-manifold with hne element 



(27) 



then we are interested in Ricci-flat worldvolumes which admit Killing spinors. We therefore 
consider manifolds of the form ]R"+^ x A^^^", with line element 



where ds"^ is the line element on The spatial sections of the D8-brane worldvolume 

thus have the form R" x We can either take this as a potential D8-brane worldvolume 

or, by throwing away the M" factor (and ignoring the overall harmonic function in the 
bulk metric), we effectively generate solutions which describe Ricci-flat domain walls in 
D = (10 — n): (8 — n)-branes, with worldvolumes of the form R x These could be 

dimensional reductions of the D8-brane, along the lines of [Q, or domain walls in other types 
of supergravity theory. As we shall see below, all such domain walls can be generalised to 
this Ricci-flat case, so it is indeed of relevance to study the general D8-brane worldvolume 

As is well known, the classification of possible manifolds which admit Killing spinors is 
given in terms of their holonomy groups. Since the D8-brane admits Killing spinors as long 
^Qgg^ g^j-Q interested in manifolds Ai'^ with dimensions d = 8,7, 6, 5, 4. The Killing 
spinors will then have the form 



where eg is a constant SO{n, 1) spinor and rj transforms under the holonomy group of A4'^. 
Perusing Berger's list [|l^], and ignoring the trivial case, the relevant holonomy groups 
are as follows. For ci = 8, we have H = SU{A), Sp{2) or Spin(7), the first two corre- 
sponding to Kahler and Hyper-Kahler manifolds respectively. Such choices will preserve 
jq,-^,-^ of the ten-dimensional super symmetries respectively. For d = 7,6,4, we have 
H = G2, SU{?>), SU{2) respectively. (We ignore the c? = 5 case here, since the holonomy 
group is then just H = SU{2) x 1, so this effectively reduces to the d = A case.) Manifolds 
with these holonomy groups will preserve of the ten-dimensional supersymmetries 

respectively. 



ds^ = —dt^ + dx\ + . . . + dx\ + ds^. 



(28) 



e{x) = eo^T] 



(29) 
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In the Euclidean regime, there is a connection between supersymmetric manifolds — 
those which admit Killing spinors — and self-dual manifolds — those which have self-dual 



curvature two-forms [T^. The four-dimensional self-duality condition on the curvature 
two-form can be generalised to 

&ab = l<l>abcd&--, (30) 

where 4>abcd is a duality operator, identified with the components of some fundamental, 
nowhere-vanishing four-form on Ai'^. Just as in four dimensions, this second order equation 
on the metric is equivalent to a first order one on the vielbein : 

UJab = ^(t>abcdUJ--, (31) 

at least for some specific choice of gauge. Manifolds which satisfy this can be thought 
of as (i-dimensional gravitational instantons. This is a direct generalisation of the similar 
considerations for self-dual Yang-Mills fields in d dimensions: for d > 4, the operator 
belongs to an irreducible representation of 5*0 (rf); and if a subgroup H of SO{d) can be 
found such that the decomposition of this representation under H contains a singlet, then 
the corresponding tensor invariant (p can be constructed Manifolds with self-dual 



connections, in the sense of (31), will then have holonomy group H. 

In eight dimensions, the duality operator (p can be chosen to be invariant under one of two 
maximal subgroups of S0{8): (S'f/(4) x f/(l))/Z4 or Spin(7) |jT9|. The former choice would 
generate the eight-dimensional Kahler manifolds, although it would seem that we cannot 
generate the Hyper-Kahler case using this method. The Spin(7) case would seem to be 
the more interesting, however: starting with as the unique Spin(7)-invariant Hodge self- 
dual four-form, it has been shown that any manifold which satisfies ( PP]) in d = 8,7,6,5,4 
has holonomy group H = Spm{7), G 2, SU (3), SU (2) x 1,SU{2) respectively [0. This is 
just the list of holonomy groups given above. Moreover, the d = 8 equation is a 'master' 
equation from which the equations in < 8 can be derived simply by assuming A^^ to be 
the product of Ai^^"" with or M", since the holonomy groups of the latter are trivial. 
This exactly parallels the remarks made above: by throwing away the MJ^ piece of the metric 
(^), we generate domain walls in lower dimensions. The 'dimensional reduction' is the same 
in both cases. So the spatial sections of the D8-brane worldvolume can be identified with 
an eight-dimensional gravitational instanton, or can be a product of fiat space with a lower 
dimensional instanton. 
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Compact manifolds A4'^ with the required properties are well-known. The (i-dimensional 
torus T'^ is the trivial example, since it has a trivial holonomy group. In = 8, 7, Joyce has 
constructed compact manifolds with holonomy groups H = Spin(7), G2 respectively ||2y, ^ 
22[. In six dimensions, the Calabi-Yau manifolds have H = SU{3), and in four dimensions 



the Hyper-Kahler manifold K3 has H = SU(2). All such spaces are Ricci-flat as required. 
Making use of such manifolds as the spatial sections of the D8-brane would give a solution, 
the interpretation of which would be of a D8-brane wrapped on A4'^. 

2.4 Explicit Non— Compact Examples 

We are more interested, however, in the wnwrapped brane, so we turn our attention to non- 
compact manifolds Ai"^ for d = 8,7, 6, 5, 4. Starting with d = 8, can be a non-compact 
Kahler or Hyper-Kahler manifold with H = SU{A), Sp{2) respectively. The latter includes 
the product of two Euclidean Taub-NUT spaces, an asymptotically locally Euclidean mani- 
fold with holonomy H = Sp{l) x 5*^(1). 

More generally, we could make use of the asymptotically locally Euclidean 'toric' Hyper- 
Kahler manifolds, with a tri-holomorphic isometry. The eight-dimensional line element 



has the local form 111 



ds^ = UABdx'^dx^ + U^^{d(j)A + AA){d(f)B + Ab), (32) 

where x^ = {xf, A = 1,2, s = 1,2,3} are coordinates on two copies of ¥P and Uab are 
the entries of a positive definite symmetric 2x2 matrix function U of these coordinates. 
U^^ are the entries of U^^, and the 0^ are periodically identified with period 2tt. The two 
one-forms A a = dx^ ■ io_BAi where uj_ab ^"^^ ^ triplet of 2 x 2 matrix functions of the x^. The 
one-forms satisfy the constraint 

^ABC = £''^*d\UBc, (33) 

where 

Fabc = 9aujbc - 9b^ac^ (34) 
are the components of the two-form field strength Fa = dAA- Here 

or- ^ _d_ 

^ dxf 



A solution is 11 



^^"^ ^ + 2|eJpS^-«I' ^^^^ 
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where, if the metric is to be non-singular, {pa} is a set of two coprime integers, a is an 
arbitrary three-vector, specifying the 'location' of a 3-plane in E^, and f/^ is a constant. 
The metric is entirely non-singular, as should be the case for the D8-brane worldvolume. 
More general solutions, consisting of superpositions of (^) can be constructed |TT|. With 
^AB = ^AB, the solution is asymptotic to x T^. With paPb = ^ab, and a = 0, the 
solution reduces to a product of two Euclidean Taub-NUT manifolds, with holonomy group 
H = Sp{l) X Sp{l). The general solution, with H = Sp{2), admits three 5*0(8) Killing 
spinors, so will preserve ^ of the ten-dimensional supersymmetries. The isometry group in 



32 

d_ 



this case is just generated by the Killing vectors 

We turn, now, to the case in which the holonomy group of M.^ is Spin(7). Complete, 
non-compact manifolds with H = Spin(7) have been constructed by Gibbons et al [p3| ; 
these take the form of bundles over 5*^, and have the line element 

(10 \ —1 / 10 \ 

(36) 

where s = 1,2,3 and M is an integration constant. The {(Js} and {Ss} are left-invariant 
one-forms on the principal SU(2) bundle over S'^, with the single-instanton connection 

= cos' 

This metric is Ricci-flat as required and has the isometry group 5*0(5) x SU{2). The 
singularity at r = M is a removable 'bolt' singularity which is topologically 5''^. In the limit 
r M, the metric is that on M^, up to an overall numerical constant, and the boundary at 



infinity is the squashed seven-sphere |^ . The D8-brane with such spatial sections preserves 
^ of the ten-dimensional supersymmetries, since the Spin(7) manifold admits a single Killing 
spinor. 

The fact that is a self-dual manifold has been underlined in WM: the same metric is 



a solution of the self-duality condition (^Tj), with (pabcd the components of the unique Hodge 
self-dual Spin(7)-invariant four-form. In this case, the self-duality conditions become |19 

m 



^Sa = ^CabcUJ--, (37) 

where now a,b = 1, ... 7 and Cabc are the octonionic structure constants. The D8-brane 
with such a worldvolume thus has spatial sections which are eight-dimensional gravitational 
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instantons. Since S'^ can be thought of as an bundle over S"^, and = SU{2), we see 
why the SU (2) connection appears in the metric. In some sense, this manifold is the eight- 
dimensional generalisation of the Eguchi-Hanson space, the latter making use of the fact 
that 5''^ is an U{1) bundle over 5*^, and having a squashed three-sphere as its boundary at 
infinity. 

3 7-Brane Domain Walls with Holonomy G2 

As explained in 0], the Romans theory can be dimensionally reduced to generate a massive 
nine-dimensional supergravity theory, despite the fact that the product of nine-dimensional 
Minkowski space with a circle is not a solution of the Romans theory. All one needs is a 
solution with a U{1) isometry, and this is provided by the D8-brane solution. The new nine- 
dimensional theory has a 'cosmological constant' in exactly the same way as the Romans 
theory does; and this allows for the existence of a 7-brane domain wall solution — the 
double dimensional reduction of the D8-brane. Moreover, it was shown in that this 7- 
brane solution is T-dual to the direct dimensional reduction of the D7-brane of type IIB 
supergravity, although the dimensional reduction in this case must be of a Scherk-Schwarz 
type [0. 

To discuss the 7-brane domain wall of this massive nine-dimensional supergravity theory 
consider, first, a D8-brane solution of the form 

ds'^ = {-fij{x)dx'dx^ + dyl) + dyl (38) 

where now jij is the metric on an eight-dimensional manifold. By taking yi as the coordinate 



on a circle, and with F{y2) and the dilaton as in (13), this is the generalisation of the 
dimensionally reduced D8-brane of [Q. By throwing away the circular dependance, we have 
7-branes with general worldvolumes. These are solutions of the massive nine-dimensional 
theory of ||^ if and only if the metric is Ricci-flat, exactly as in the case above. If the 
7-brane worldvolume of the form 

ds^ = ^ij{x)dx'dx^ = -df + ds^, (39) 

is to be supersymmetric, the holonomy group of Ai^, with line element ds"^, must he H = G2- 



Such manifolds have again been constructed by Gibbons et al p3[, and have a form similar 
to the Spin(7) manifold (^) discussed above. That is, M.^ can be an bundle over S^, or 
an bundle over S^. 
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With an appropriate duality operator, and with the caveat to be discussed below, these 
manifolds solve the seven-dimensional self-duality condition, just as the Spin(7) manifold 
(p6|) does in eight dimensions. To see this, consider the self-duality condition (^) with 
4>abcd the components of the G'2^invariant, seven-dimensional Hodge dual of the octonionic 
structure constants. Explicitly |2B|, 

1 g , 

<Pabcd = -^^^abcdelgC^--, (40) 

where 

Cabc = +l for a 6c = 123,516,624,435,471,673,572. (41) 

We thus have 

^abcd = +1 for abed = 1245, 2671, 3526, 4273, 5764, 6431, 7531. (42) 
The self-duality conditions (^TJ) are then 

UJji = UJ26 + 1^535 1^72 = 1^61 + ^34; 1^73 = ^42 + ^^15; 

(^74 = 1^23 + 1^65; 1^75 = "^46 + '^31; 1^76 = ^12 + 1^54, 

t^63 = t^25 + t^l4- (43) 

With the ansatz 

dS^ = f{r)dr^ + g\r)T.l + h^{r) {a, - A'f , (44) 

the metric on M.^ has the form of an principal bundle over S^. Since is parallelizable, 
this bundle is trivial. {S^} are the left-invariant one-forms on the base space and {cr^} the 
left-invariant one-forms on the fibres. They satisfy 

^^ = -\^^^-^^^^-^ <ys = -\estu0^^a^. 
is the connection on the bundle, given by 

A' = \t.s. (45) 

With the orthonormal one-forms = fdr, e- = gT^g, and e- = h{as — A^), where s = 
4, 5, 6 = i, 2, 3, the connection one-forms are given by 



g' s s h' g . 1 ^ 



14 



Substituting into the self-duality conditions (^31) , we find the following first order differential 
equations 

^ h g' , , 

7^ + 7- = 0' 47a 

11 1 h h' , , 



Using the reparametrisation invariance of the metric (|4^) under r — > r' = r'(r), we can set 

g'ir) = (48) 
in which case, the solution of (^a,b) is 

where M is an arbitrary integration constant. This is precisely the metric found by solving 
the Einstein equations in p3[; here, we have derived it from first order equations alone. In 
direct analogy with the Spin(7) case ( p6D above, the 'bolt' singularity here is topologically 
S^, and as r — > M, the metric (|^) reduces to the metric on M^. The boundary at infinity is 
X and the isometry group is SO (4) x SU{2). 



The other seven-dimensional G2 metric considered by Gibbons et al |^3[ is that of an 
M? bundle over S^. This is somewhat more complicated than the above example since the 
bundle is no longer trivial. It can be shown that G2 holonomy implies self-dual curvature 
in the above {G2) sense and, for this reason, it should be expected that the bundle over 
5*^ is self-dual in the same way as the bundle over 5''^. This is not the case, however, at 
least naively. That is, although the bundle over S"^ is Ricci-fiat and has G2 holonomy, its 
connection one-form does not satisfy the relations (^3|). Moreover, neither does its curvature 
two-form satisfy the same relations with uja^ replaced by Qab- A possible explanation of this 
is as follows. Transforming the orthonormal basis by an arbitrary 50(7) rotation will leave 
the line element unchanged. Such a rotation will have an effect on the curvature two form 
however: schematically, if e ^ Ge, where G G 5*0(7), we have 6 G^QG. Then the 
question is whether this transformation commutes with the duality operator |0 in (|30|). 
Indeed, since the duality operator is G2-invariant, and not 50(7)-invariant, it is unlikely to 
commute with such a rotation. It would seem, then, that a judiciously chosen 50(7) rotation 
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of the basis will ensure self-duality of the curvature two-form. This is similar to the four- 
dimensional case in which, via an 5*0(4) rotation, a manifold with self-dual curvature can 
always be brought into a form such that its connection is also self-dual; the difference being, 
of course, that here we do not have a self-dual curvature in the first place. 

At any rate, since both the bundle over and the bundle over S are Ricci-flat 
manifolds of holonomy H = G2, either manifold can be used as the spatial sections of a 
supersymmetric 7-brane in nine dimensions. 

4 The General Domain Wall 

Considerations similar to the above hold for domain walls in any supergravity theory. For 
example, we can dimensionally reduce the D8-brane along the lines of [Q, generating domain 
walls in D < 10 massive supergravity theories. Or we can consider domain walls in massive 



gauged supergravity theories [27 



In D dimensions, the domain wall is a (Z^ — 2)-brane, which couples to a potential, or 
'cosmological constant' 

V{(j)) = 2Ae"'^. (50) 
a is a constant which can be parametrised as 



9 . (^ - 1) 



The value of A varies from case to case |T^. In certain vacua of gauged supergravities, we 
have A = —2{D — 1)/{D — 2), in which case a = 0, and the potential is a true cosmological 
constant. On the other hand, some gauged seven- and four-dimensional supergravities have 
A = —2. We will take A = 4, however, since this is the value of A for the Romans theory and 
all its dimensional reductions. (Incidentally, the Howe-Lambert-West massive supergravity 
theory has A = 0. It would seem, then, that this theory does not have the usual brane 
solutions, as in (p.) 

The relevant Lagrangian is 



/: = v^(i?- -1901^-^(0)), (52) 



the equations of motion of which are 



Rab = ^da4>db(f) + -^^^9ab, (53a) 
= (53b) 
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These have the domain wall solution 

ds^ = Ho^dx-dx + H^dy'^, , , , 

- - )■ 54 

where H{y) is harmonic on the single transverse direction. As explained in we can take 

H{y) = l+ m\y -yQ\, (55) 

to avoid potential curvature singularities, as for the D8-brane above. 

Keeping the dilaton field and the specific form of the harmonic function H[y) as above, 
we generalise the metric to 

ds^ = HT^%j{x)dx'dx^ + H^dy'^. (56) 

This is a solution of the equations of motion (p3|a,b), as long as the metric jij is Ricci-fiat. 
That is, any domain wall — not just the D8-brane of above — can in general have a Ricci-fiat 
worldvolume. 

The remarks concerning supersymmetry that we made above can be applied here. That 
is, the general domain wall will preserve supersymmetry if and only if the worldvolume 
manifold with line element 

ds'^ = 'yij{x)dx^dx^ , 

admits Killing spinors. As already mentioned, the dimensional reduction of the Romans 
theory leads to a massive supergravity theory in nine dimensions, with a 7-brane domain 
wall. The worldvolume metric of this can then have spatial sections with holonomy group 
H = G2- In = 8, we can have a 6-brane supersymmetric domain wall, the spatial 
sections of which take the form of non-compact Calabi-Yau manifolds with holonomy group 

H = SU{3) [m. 

Moving down in dimension, we can have 4-brane domain walls in D = 6 supergravity 
theories. These solutions will be supersymmetric if the spatial sections of their worldvolumes 
have holonomy group H = SU{2). In the compact case, we could consider 



ds = —dt + ds 



K3^ 



where dsj^^ is the metric on K3. This has the interpretation of a 4-brane wrapped on K3. 
Or, in the more interesting non-compact case. 



ds^ = —dt^ + ds 
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where ds^j^ is the asymptotically locally Euclidean Taub-NUT metric. The 4-brane world- 
volume is then just the five-dimensional Kaluza-Klein monopole I^Q], pO| . 



An interesting example is that of the domain walls in Hofava-Witten theory. As is well 
known, the strongly coupled x heterotic string theory is just M-Theory compactified 
on an /'L2 orbifold with a set of -Eg gauge fields on each of the orbifold fixed planes 
The compactification of the eleven-dimensional theory on a Calabi-Yau manifold leads to 
a gauged five-dimensional supergravity theory with two four-dimensional boundaries. This 
has a solution describing two parallel supersymmetric 3-brane domain walls located at the 
orbifold fixed planes [Q. On a further dimensional reduction, four-dimensional spacetime 



is identified with the 3-brane worldvolume — the universe as a domain wall scenario [§3 
This being a specific example of the general case considered here, it should be obvious that 
the usual flat 3-brane domain walls can be generalised to any Ricci-fiat worldvolume. 
The relevant five-dimensional Lagrangian is p3| 

S 'S'bulk ~l~ 'S'boundary; 



'S'boundary — f / — / \J —Q — 



a 

where ^ is a modulus which encodes the variation of the Calabi-Yau volume and a is a 



constant 'mass term', for the definition of which we refer the reader to The equations 
of motion will admit 3-brane solutions of the form 

ds^ = H^ij{x)dx''dx^ + H^dy"^, 

V{y) = H\ ) (58) 

H{y) = l + ^a\y\, 

if and only if is Ricci-fiat. (In the above we have set three arbitrary constants to unity.) 
We have checked this solution explicitly. 

These 3-branes can have worldvolumes that are four-dimensional Schwarzschild black 
holes. Although not supersymmetric, since the Schwarzschild solution does not admit Killing 
spinors, this is of interest nonetheless. It explains how our four-dimensional universe, upon 
a further dimensional reduction, could have the form of a Schwarzschild black hole. It would 
seem that this embedding of the Schwarzschild solution in five dimensions violates the no- 



go theorem of p4[ but in fact it does not. The theorem is that it is impossible to embed 



18 



the Schwarzschild solution in a flat five-dimensional spacetime; and our five-dimensional 
manifold is certainly not fiat, so there is no contradiction. 



5 Magnetic Branes in General 

There has been some discussion in the literature of solutions of supergravity theories which 
describe generalised electric branes, in which the transverse space is no longer flat. Such solu- 
tions preserve fewer than the usual one half of the spacetime supersymmetries. The eleven- 
dimensional membrane solution can be generalised so as to interpolate between eleven- 
dimensional Minkowski space and AdS^ x Ai^, where Ai^ is any Einstein space |jlO|; the 



squashed seven-sphere for example, which admits Killing spinors and so allows for gener- 
alised supermembranes. Indeed, the eight-dimensional Spin(7) and Hyper-Kahler manifolds 
(^) and (|32D above have also been considered as possible transverse spaces of the eleven- 



dimensional supermembrane [0, |TT|; or as the transverse space of the fundamental string 
in ten dimensions ||12[. Here we show that the worldvolume, as opposed to the transverse 
space, of the magnetic branes can also be generalised in just such a manner. 

A general magnetic p-brane, with p = D — n — 2 couples to a rank n field strength 
-F[„]. The domain wall is then a specific example of the more general magnetic brane, one 
with n = (or, by Hodge duality, n = D) |T^. This leads us to consider whether we can 



generalise the worldvolume metric of any magnetic brane in the above manner; and the 
answer is that we can. Heuristically, since the field strength which couples to a magnetic 
brane is non-zero in the transverse directions only and, since we change the worldvolume 
metric only, the generalisation will go through in precisely the same way as above. Indeed, 
it was noted in [BH] that the M5-brane worldvolume can be generalised to 



ds'^ = -dt^ + dx^ + ds]^^. (59) 
This solution has the interpretation of an M5-brane wrapped on K3, as considered from the 



point of view of the worldvolume action in PSI . It is a specific example of the more general 
claim that we are making here. 

The Lagrangian relevant to the study of a general magnetic brane is 

£ = (i? - ^50 • 90 - ^e"<^Ff„]^ , (60) 

where the dimensionality of the brane is given hj d = p + 1 = D — n — 1, and where a is 
as in ( pT]) (we set A = 4 here). is the field strength which couples to the p-brane. The 
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equations of motion 



Rab = ^9„</>9,</> + ^(^^e"^ - ^^^-^f'9ab ) , (61a) 

a 



D'<P = ^e-'^F', (61b) 
Da (e^'^F'^"!-'^") = 0, (61c) 

have the solution 

^ H^Ii^^ij{x)dx'dx^ + HT^^dy- dy, 
el' = //-t, ^ (62) 



ai...a„pZn+T 1 



as long as the worldvolume metric is Ricci-flat. Here, {y"} are the coordinates on the 
transverse space, r being the radial coordinate in these directions and H{r) is, as usual, 
harmonic on this space, d — D — d — 2 — n — lis the dimensionality of the electric brane 
dual to the magnetic one and the alternating tensor in the expression for the field strength 
has components ±1. 

Consider the prototypical example: the M5-brane. The general solution of the eleven- 
dimensional equations of motion is 



ds — H 3^ij{x)dx^dx^ -\- Hsdy ■ dy, 

.3 ) 



H{r) ^ 1+ 



(63) 



where k can be related to the tension of the brane by the inclusion of a source term in the 
action. These solutions are supersymmetric if and only if the worldvolume admits Killing 
spinors, just as for the cases considered above. The supersymmetry transformation of the 
gravitino is 

S^a = - ^ K'"' - ^^a^"'") F^c,?j e, (64) 
where e is an arbitrary 32-component Majorana spinor. We make the usual 6 + 5 split 

r„ = (7,®E,1®EJ, (65) 

where 7^ and 1 are SO{5, 1) matrices, E and E^ are SO{5) matrices, E = Eg . . . Eio, so that 
E^ = 1, and we take 

e{x,y) = e{x) <S) ri{r). (66) 
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Substituting for the solution (|63D, and setting the variation Sifja = gives 

Vir) = H-^{r)r]o, (67) 

for a constant spinor tjq, in addition to the usual chirality condition 

{1T^)V = 0, (68) 

which removes one half of the supersymmetries. The remaining condition, Sipi = 0, is satisfied 
if and only if 

Ae = 0, (69) 

as promised. All solutions which satisfy this condition will saturate the usual Bogomol'nyi 
bound, as in the D8-brane case above. 

Instead of the compact manifold in (|59|), we can make use of the asymptotically locally 
Euclidean Taub-NUT metric, giving a worldvolume of the form 

ds"^ = -dt^ + dx^ + ds^N, (70) 

which is supersymmetric since the holonomy group of the Taub-NUT space is H = SU{2). 
There do not seem to be many other possibilities. The Ricci-flat M5-branes no longer 
interpolate between eleven-dimensional Minkowski space and AdSj x 5*^. For a worldvolume 
of the form ([70|), the solution at infinity in the transverse space is Mink7X Taub-NUT, i.e. 
the Kaluza-Klein monopole oxidised to eleven dimensions. As r — 0, the line element is 

ds^ = R\~de + dx") + R^dslj, + k^dnl (71) 

which is the metric on the warped product of Taub-NUT with AdS^ x 5''*, where the AdS^ 
piece has cosmological constant A = — 1/(4A;^/'^). 

The above considerations can be applied to any magnetic brane, although the specific 
form of the supersymmetric solutions must be considered case by case. 

5.1 Worldvolume Solitons 

Asymptotically, the spacetime metrics of the usual brane solutions (j^) are flat and it is 
well-known that both D-branes and M-branes admit worldvolume solitons when embedded 



in such a flat spacetime That is, the Dirac-Born-Infeld (DBI) worldvolume lagrangian 



is linearised and the energy of the branes is minimised for solitonic conflgurations of the 
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worldvolume fields. Now the more general solutions we have been discussing have a Ricci- 
fiat spacetime metric at infinity; and it is of interest to note that branes embedded in such 
Ricci-fiat spacetimes also have worldvolume solitons, as long as an ( ant i-) self-dual gauge 
field can be constructed on the worldvolume manifold. 

Consider, then, the simplest example, that of the D4-brane, the double dimensional 
reduction of the M5-brane considered above. At infinity, the spacetime line element has the 
form 

ds^ = —dt^ + '-^ABdx^dx^ + dy ■ dy = —dt^ + ds'^j^ + dy ■ dy, (72) 

where A,B = 1, . . .4 and ds'^j^ is the asymptotically locally Euclidean Taub-NUT metric, 
given by 

= M^V~\d^±cos9d(l)y + V{dR^ + R^dn^), ) 
ViR) = 1 + f. 1 ^''^ 

The plus (minus) sign corresponds to a self-dual (anti-self-dual) manifold respectively and 
M is an integration constant. 

We work in an orthonormal basis, take all worldvolume scalars to be constant and split the 
worldvolume coordinates ^* = {^°,^^}. For static configurations, Fqa = 0, and — det{gij + 
Fij) = {—goo) det{gAB + Fab), where gij is the puUback of the spacetime metric. The DBI 
lagrangian has the form 



£ = e\l-\ll + \F^ + \F^ + ^iF.F)^ 




(74) 



where we have set the brane tension and the inverse string tension 27ra' to unity, e is the 
determinant of e^, the vierbein of gAB- F"^ = FabF——, F is the Hodge dual of F with 
respect to the worldspace directions and F ■ F = FabF——. The lagrangian is linearised for 
configurations which satisfy Fab = ^Fab and, since we are dealing with the purely static 
case the energy density, T^^ = —C, is minimised for such (anti-) self-dual field strengths [p7 |. 
D4-branes embedded in a general Ricci-fiat spacetime will thus have worldvolume solitons 
— in this case, abelian (anti-)instantons — if and only if a field strength which is (anti- 
)self-dual with respect to gAB can be constructed. 



Since no worldvolume scalars are excited, the spatial component of the puUback of the 
spacetime metric in the static gauge is just gAB = Iab- The gauge field which gives an (anti- 
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)self-dual field strength with respect to this metric is well-known. With the orthonormal 
one-forms 6° = V^/^dR, = V^/^RdO and = V^/^Rsmed(j), = MV-^/^idtp ± cos Odcf)), 
it is m 

A = \.V-^IW (75) 

which has the field strength 

i^ = ^^:^(e''Ae3Te^Ae^). (76) 

This is manifestly (anti-)self-dual. Although the gauge field has the usual string-like singu- 
larity along the 2;-axis, the energy of the instanton is finite. 

D4-branes embedded in the spacetime (^) thus have worldvolume solitons in the same 
way that the standard fiat D4-branes do, since (anti-) self-dual gauge fields can still be 
constructed on their spatial sections. This is of interest for two reasons. Firstly, it should 
be the case that the M5-brane with worldvolume metric (^) discussed above will have 
worldvolume string solitons along similar lines as for the flat case Secondly, it should 
be possible to generalise our reasoning to the non-abelian DBI action ^ describing 
multiple D4-branes. In particular, since it is known how to construct (anti-) self-dual SU{2) 
gauge fields on Taub-NUT space , we could consider the action describing two D4-branes 
with a two-centered Taub-NUT space as the spatial sections of the worldvolume. The energy 
of such configurations will be minimised by these more general non-abelian instantons is 
precisely the same way as for the fiat case [0. This might provide some clues as to the 
nature of D-branes in curved spacetime, a subject which is far from being fully understood. 



6 Conclusions 

We have shown that the worldvolumes of all the magnetic branes of string theory can take 
the form of any Ricci-flat manifold. A specific case is the domain wall, the ten-dimensional 
example being that of the D8-brane of string theory. We have shown in detail that the 
D8-brane solution of Romans' massive type IIA supergravity theory can be generalised to 
include a large class of possible solutions. These are supersymmetric if and only if the 
worldvolume manifold admits Killing spinors, a necessary, but not sufficient, requirement for 
which is Ricci-flatness. 

We have described some of the eight-dimensional manifolds in the literature which do 
admit Killing spinors, and elaborated on the fact that these are just the self-dual eight- 
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dimensional gravitational instantons. The dimensional reduction of the D8-brane is a seven- 
dimensional domain wall in nine dimensions. In this case, we have shown that the known 
manifolds which admit Killing spinors satisfy the self-duality condition in seven dimensions, 
although the connection between supersymmetric and self-dual manifolds would seem to be 
a subtle one in certain cases. 

The fact that the magnetic branes can have Ricci-flat worldvolumes is perhaps to be 
expected, given the similar results concerning the transverse spaces of the electric branes: 
roughly speaking, the transverse space of an electric brane is interchangeable with the world- 
volume of the dual magnetic brane. More speculatively, perhaps the requirement of Ricci- 
flatness in these cases is a consequence of the beta functions of string theory. After all, to 
first order in the inverse string tension a', the beta functions of the conformal field theory 
on the closed string worldsheet imply that the ambient spacetime must be Ricci-flat p^ . 
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